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1. Intuition and examples

1.1. Binary data

If the binary variable Y ∈ {0, 1} is Bernoulli distributed with θ = P(Y = 1)

its probability mass function at y ∈ {0, 1} is

f(y; θ) = P(Y = y) = θy × (1− θ)1−y.

Now consider a random sample of size n from this distribution, Y1, Y2, . . . , Yn.

The probability that this sequence is equal to (y1, y2, . . . , yn) ∈ {0, 1}n equals

P(Y1 = y1, . . . , Yn = yn) =
n∏

i=1

f(yi; θ) =
n∏

i=1

θyi × (1− θ)1−yi .

Drawing a sample that consists of only successes, that is yi = 1 for all

1 ≤ i ≤ n, happens with probability θn.

Now suppose that we do not know the actual value θ0 of the success

probability that actually generated our sample. We can compute the above

probability for any value of θ ∈ (0, 1). As a function of θ, this probability is

Ln(θ) =
n∏

i=1

f(Yi; θ) =
n∏

i=1

θYi × (1− θ)1−Yi .

We call Ln the likelihood function. The value Ln(θ) is the probability of

observing the sample that has been drawn if the success probability were
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equal to θ.

A sensible estimator of the success probability θ0 based on the data is

θ̂ = argmax
θ

Ln(θ).

This is the maximum-likelihood estimator. Notice that, here, θ̂ is equal to

the value of the success probability that makes it most likely to generate the

sample that we have in front of us.

It is easy to calculate θ̂ in this example. It is helpful to work with the

monotone transformation

ℓn(θ) = logLn(θ).

This is the log-likelihood function. Clearly, the maximiser of the log-likelihood

function is the same as the maximiser of the likelihood function. However,

the log-likelihood function is easier to work with. Indeed, here,

ℓn(θ) =
n∑

i=1

Yi log(θ) + (1− Yi) log(1− θ),

because the log of a product becomes the sum of the logs. In this example

the log-likelihood can be further simplifies, as it depends on the data only

through the mean

Ȳn = n−1

n∑
i=1

Yi.

Indeed,

n−1ℓn(θ) = Ȳn log(θ) + (1− Ȳn) log(1− θ).

This is a globally-concave function of θ. To find its maximizer we solve the
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first-order condition

n−1∂ℓn(θ)

∂θ
=

Ȳn

θ
− 1− Ȳn

1− θ
=

Ȳn − θ

θ(1− θ)
= 0,

to find θ̂ = Ȳn as maximum-likelihood estimator. Thus, we estimate the

actual success probability by the proportion of successes observed in the

sample.

1.2. Exponential data

Our next example deals with a continuous variable. The exponential distri-

bution with mean θ has probability density function

f(y; θ) =
e−y/θ

θ
, y ≥ 0.

The log-likelihood function is

ℓn(θ) = log

(
n∏

i=1

f(Yi; θ)

)
=

n∑
i=1

log f(Yi; θ) = −n

(
log θ +

Ȳn

θ

)
.

The maximum-likelihood estimator solves

n−1∂ℓn(θ)

∂θ
= −1

θ
+

Ȳn

θ2
= 0

and so again equals θ̂ = Ȳn, the sample mean.

1.3. The probit model

We now consider a conditional model where, in addition to binary Y , we now

also have a vector of covariates X. We wish to allow the success probability

3



to depend on X. A parsimonious way to do so is to let

P(Y = 1|X = x) = F (x′θ)

for a chosen cumulative distribution function F , such as the standard-normal

distribution in case of the probit model. In this case we know the distribution

of Y conditional on X,

f(y|x; θ) = P(Y = y|X = x) = F (x′θ)y × (1− F (x′θ))1−y.

The conditional likelihood is Ln(θn) =
∏n

i=1 f(Yi|Xi; θ). The log-likelihood

is

ℓn(θ) =
n∑

i=1

Yi log(F (X ′
iθ)) + (1− Yi) log(1− F (X ′

iθ)).

Here, the first-order condition for the parameter θ is the nonlinear system,

∂ℓn(θ)

∂θ
=

n∑
i=1

Xif(X
′
iθ)

Yi − F (X ′
iθ)

F (X ′
iθ) (1− F (X ′

iθ))
= 0,

where f is the density function associated with F . The maximum-likelihood

estimator is thus defined as an implicit function here. The likelihood is

nonetheless globally concave in θ and so a numerical optimisation routine

such as Newton-Raphson, for example, will find the global optimum in few

iterations.

Figure 1 shows the screen output from a probit fit in Stata. The data are

from Mroz (1987) and concern the decision of a sample of 753 married women

to participate to the labor force as a function of various characteristics. These

characteristics include the number of children the household has aged less

than 6, 6 or up, the women’s age, education, and experience, as well as the
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Figure 1: Probit model for female labor-force participation

husbands’ wage. The top of the output shows how the point estimates were

obtained by maximizing the log-likelihood function; the global maximum was

obtained after 3 iterations.

Figure 2: Marginal effects in the probit model
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In the binary-choice model marginal effects are functions of the covariate

values. In Figure 2 we report the estimated average (over the covariates)

participation probability for different numbers of young children. Clearly,

this probability is estimated to go down monotonically. For example, having

one young child is estimated to bring down the participation probability from

0.637 to 0.361, on average. That is a decrease of 27.6 percentage points.

Having additional young children brings the participation rate down further,

although the increments decrease. A simple least-squares fit (not reported

here) gives a coefficient estimate on kidslt6 of -0.274. While this is close to

our estimated impact of going from none to a single young child, it ignores the

nonlinear response to the number of children, thereby largely overestimating

the impact of having additional children on the decision to participate in the

labor market.

1.4. The classical linear regression model

When

Y |X ∼ N(X ′β, σ2)

the conditional density function of Y |X is

f(y|x; θ) = 1√
2πσ2

exp

(
−1

2

(y − x′β)2

σ2

)
.

Here, θ = (β, σ2) and

Ln(β, σ
2) =

n∏
i=1

1√
2πσ2

exp

(
−1

2

(Yi −X ′
iβ)

2

σ2

)
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so that

ℓn(β, σ
2) = −n

2
log(2π)− n

2
log σ2 − 1

2

n∑
i=1

(Yi −X ′
iβ)

2

σ2
.

The first-order conditions are

∂ℓn(β, σ
2)

∂β
=

n∑
i=1

Xi(Yi −X ′
iβ)

σ2
= 0,

and
∂ℓn(β, σ

2)

∂σ2
=

1

2

(∑n
i=1(Yi −X ′

iβ)
2

σ4
− n

σ2

)
= 0.

The solution is

β̂ =

(
n∑

i=1

XiX
′
i

)−1( n∑
i=1

XiYi

)
, σ̂2 =

1

n

n∑
i=1

(Yi −X ′
iβ̂)

2,

which are by now familiar. Indeed, β̂ is simply the least-squares estimator

and σ̂2 is the traditional variance estimator, without any degrees-of-freedom

correction.

1.5. The Tobit model

The Tobit model is the censoring problem with normal errors, that is,

Y = max(Y ∗, 0).

with

Y ∗ = X ′β + e, e|X ∼ N(0, σ2).
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We have that

P(Y = 0|X) = P(Y ∗ < 0|X) = Φ(−X ′β/σ) = 1− Φ(X ′β/σ)

while, for any y > 0

P(Y ≤ y|X) = P(Y = 0|X) + P(Y ≤ y|X, Y > 0)P(Y > 0|X)

with

P(Y ≤ y|X, Y > 0)P(Y > 0|X) = P(Y ≤ y|X)− P(Y ≤ 0|X)

so that

P(Y ≤ y|X) = Φ

(
y −X ′β

σ

)
with density

1

σ
ϕ

(
y −X ′β

σ

)
.

The likelihood function thus is

Ln(β, σ
2) =

n∏
i=1

(
1− Φ

(
X ′β

σ

)){Yi=0} (
1

σ
ϕ

(
Yi −X ′

iβ

σ

)){Yi>0}

which has both a probit component and a normal-regression component.

Again, finding the maximum-likelihood estimator in the Tobit model requires

numerical optimisation.
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2. Maximum likelihood

2.1. The population problem

Consider the population problem where we maximize the expected log-likelihood,

E(log f(Y |X; θ)).

This function achieves its global maximum at θ0. To see this let h(x) be the

density/mass function of X at x and observe that

E(log f(Y |X; θ))− E(log f(Y |X; θ0)) = E
(
log

(
f(Y |X; θ )

f(Y |X; θ0)

))
≤ logE

(
f(Y |X; θ )

f(Y |X; θ0)

)
= log

∫∫
f(y|x; θ )

f(y|x; θ0)
f(y|x; θ0) dyh(x)dx

= log

∫∫
f(y|x; θ ) dy h(x) dx

= 0,

where we have used the fact that taking logs is a concave operation (so that

we can apply Jensen’s inequality) and the fact that
∫
f(y|x; θ) dy = 1 for any

θ.

The function

n−1ℓn(θ) =
1

n

n∑
i=1

log f(Yi|Xi; θ)

is a sample analog of the population problem. Under some suitable technical

conditions
1

n

n∑
i=1

log f(Yi|Xi; θ) →
p
E(log f(Yi|Xi; θ))

in a uniform sense. If the maximizer of the population problem is unique
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this then provides an argument for consistency,

θ̂ →
p
θ0

as n → ∞. This is the intuition behind the ‘argmax’ theorem for maximum

likelihood.

The uniqueness of the maximiser is important here. For example, in the

classical linear model, the maximiser is not unique when the matrix E(XX ′)

is singular, as we have seen. In this case the limit problem is flat in certain

directions and so it has many global maximisers that cannot be distinguished

from θ0.

2.2. The score

An instructive alternative way to think about maximum likelihood is to see

it as a device that delivers a good estimating equation. The score is defined

as

s(y|x; θ) = ∂ log f(y|x; θ)
∂θ

.

Note that, provided that the support of f(y|x; θ) does not change with θ,

and assuming that f(y|x; θ) is differentiable,

Eθ(s(Y |X; θ)|X = x) =

∫
∂ log f(y|x; θ)

∂θ
fθ(y|x) dy

=

∫
∂f(y|x; θ)

∂θ
dy

=
∂
∫
f(y|x; θ) dy

∂θ
= 0,

because
∫
f(y|x; θ) dy = 1 for any θ. By iterated expectations,

E(s(Y |X; θ0)) = 0,
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that is, the score is also mean zero unconditionally. All our examples above

were regular in this sense.

In our examples we found θ̂ by solving

n−1∂ℓn(θ̂)

∂θ
=

1

n

n∑
i=1

s(Yi|Xi; θ̂) = 0.

This is a sample version of the moment condition just given. In this sense,

we can think about maximum likelihood as a method-of-moment estimator,

just like least squares or two-stage least squares.

In many problems other possible estimating equations exist. For example,

in the (conditional) binary-choice problem looked at earlier the model states

that

E(Y |X = x) = F (x′θ0).

This implies that E(Y − F (X ′θ0)|X = x) = 0 and so, in turn, that, for any

function G,

E(G(X; θ0) (Y − F (X ′θ0))) = 0.

We can thus in principle construct an estimator by solving

1

n

n∑
i=1

G(Xi; θ̂) (Yi − F (X ′
i θ̂)) = 0.

The score of maximum likelihood essentially gives us a specific G. In the

binary choice problem we had

G(x; θ0) = x
f(x′θ0)

F (x′θ0) (1− F (x′θ0))

It turns out that the suggestion of maximum likelihood leads to optimality

in large samples.
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2.3. The information matrix

The information matrix is defined as the variance of the score, i.e.,

I = var (s(Y |X; θ0)) = E (s(Y |X; θ0) s(Y |X; θ0)
′) .

The information equality states that

I = −E
(
∂2 log f(Y |X; θ0)

∂θ∂θ′

)
,

so, up to its sign, the variance of the score (which cannot be negative) is

equal to the Hessian of the population problem (which must be negative in

regular problems). The information equality is important in understanding

where the optimality of maximum likelihood comes from.

To see where the equality itself comes from, we start again from the

conditional zero-mean condition of the score, i.e.,

∫
∂ log f(y|x; θ)

∂θ
fθ(y|x) dy = 0.

Differentiating this equation with respect to θ gives

∫
∂2 log f(y|x; θ)

∂θ∂θ′
f(y|x; θ) dy +

∫
∂ log f(y|x; θ)

∂θ

∂f(y|x; θ)
∂θ′

dy = 0.

So, the terms on the left-hand side of this expression must be equal to each

other up to sign. It is immediate that the first of these terms is the conditional

expectation of the second derivative of the log density function. To see that

the other term is the conditional variance of the score we substitute the

simple equality
∂f(y|x; θ)

∂θ′
=

log ∂f(y|x; θ)
∂θ′

f(y|x; θ)
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inside the second integral to get

∫
∂ log fθ(y|x)

∂θ

∂ log fθ(y|x)
∂θ′

fθ(y|x) dy = Eθ(s(Y |X; θ) s(Y |X; θ)′|X = x).

Thus, we have shown that

varθ(s(Y |X; θ)|X = x) = −Eθ

(
∂2 log f(Y |X; θ)

∂θ∂θ′

∣∣∣∣X = x

)
.

To finalise our calculations note that, by the law of total variance, we have

I = var (s(Y |X; θ0)) = E (var (s(Y |X; θ0)|X)) + var (E (s(Y |X; θ0)|X))

and that the second right-hand side term is zero by the mean-zero property

of the score. Therefore,

I = E(var(s(Y |X; θ0)|X)) = −E
(
∂2 log f(Y |X; θ0)

∂θ∂θ′

)
,

as claimed.

3. Asymptotic distribution

We consider only regular problems where the mass/density function f(y|x; θ)

is twice continuously differentiable, the information matrix is non-singular,

and some technical conditions collected below hold.

3.1. Derivation

In regular cases we can start from an expansion of the first-order condition

n−1∂ℓn(θ̂)

∂θ
= 0
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around θ0 to write

n−1∂ℓn(θ0)

∂θ
+ n−1∂

2ℓn(θ∗)

∂θ∂θ′
(θ̂ − θ0) = 0,

where θ∗ is determined by the mean-value theorem and satisfies θ∗ →
p

θ0.

Now we can re-arrange the above expression to arrive at

√
n(θ̂ − θ0) =

(
− 1

n

n∑
i=1

∂2 log f(Yi|Xi; θ∗)

∂θ∂θ′

)−1
1√
n

n∑
i=1

∂ log f(Yi|Xi; θ0)

∂θ
,

where we have already substituted in the expressions for the first and second

derivatives in terms of the log density. Under certain technical conditions we

have

−n−1

n∑
i=1

∂2 log f(Yi|Xi; θ∗)

∂θ∂θ′
→
p
−E

(
∂2 log f(Yi|Xi; θ0)

∂θ∂θ′

)
= I

while, also,
1√
n

n∑
i=1

∂ log f(Yi|Xi; θ0)

∂θ
→
d
N(0, I).

It then follows from Slutsky’s theorem that

√
n(θ̂ − θ0) →

d
N(0, I−1)

as n → ∞. The simplification of the asymptotic variance is a consequence

of the information equality.

The asymptotic variance can be estimated using either of two methods.

The first is as the outer product of the score,

1

n

n∑
i=1

∂ log f(Yi|Xi; θ̂)

∂θ

∂ log f(Yi|Xi; θ̂)

∂θ′
.
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The second is through the information equality, as

− 1

n

n∑
i=1

∂2 log f(Yi|Xi; θ̂)

∂θ∂θ′
.

The second estimator is often easier to obtain as the second derivative has

usually already been computed as part of the numerical optimisation of the

log-likelihood function in calculating θ̂.

With the limit distribution available we can perform inference on θ0 in

the usual way.

3.2. Regularity conditions

Consistency and asymptotic normality as established above implicitly uses

the following conditions.

C1, The function E(log f(Y |X; θ)) has a unique global maximiser on Θ, equal

to θ0, and the global maximum is achieved on the interior of this parameter

space Θ.

C2. The information matrix I has full rank.

C3, The function f(y|x; θ) is twice continuously differentiable in θ on a known

compact set Θ and

E
(
sup
θ∈Θ

log f(Y |X; θ)

)
< +∞, E

(
sup
θ∈Θ

log
∂2f(Y |X; θ)

∂θ∂θ′

)
< +∞.

Further, its support does not depend on θ.

Here, Assumption C1 ensures global identification of θ0. Assumption C2 is a

local identification condition. This is not needed for consistency but is used

in deriving the limit distribution. When the information matrix is singular

the rate of convergence of the maximum-likelihood estimator will be slower
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than n−1/2 and its limit distribution will generally not be normal. Assumption

C3 finally collects regularity conditions that allow to take derivatives and the

use of a uniform law of large numbers.

4. Optimality

To explain where the notion of optimality of maximum likelihood comes from

it is useful to consider a generic situation where an estimator θ̂ is unbiased

for θ. That is

Eθ(θ̂ − θ) = 0.

Introducing bias only complicates the notation but does not alter the main

message as long as bias vanishes at a rate faster than n−1/2, which it does

quite generally.

We consider the simplest case where θ is a scalar and we abstract from

conditioning variables (regressors). The zero-bias condition can be written

as ∫
· · ·
∫

(θ̂ − θ)

(
n∏

i=1

f(yi; θ)

)
dy1 · · · dyn = 0,

where the structure of the distribution is a consequence of random sampling.

Differentiating with respect to θ yields

∫
· · ·
∫

(θ̂ − θ)
∂
∏n

i=1 f(yi; θ)

∂θ
dy1 · · · dyn =

∫
· · ·
∫ n∏

i=1

f(yi; θ)dy1 · · · dyn.

The term on the right-hand side is simply equal to one as it is the integral

of an n-variate density. The term on the right-hand side is equal to

∫
· · ·
∫

(θ̂ − θ)

(
n∑

i=1

∂ log f(yi; θ)

∂θ

) (∏
j

f(yj; θ)

)
dy1 · · · dyn
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This follows from the observation that

n∑
i=1

∂ log f(yi; θ)

∂θ
=

n∑
i=1

1

f(yi; θ)

∂f(yi; θ)

∂θ

=
n∑

i=1

(∏
j ̸=i f(yj; θ)∏
j f(yj; θ)

)
∂f(yi; θ)

∂θ

=
1∏

j f(yj; θ)

n∑
i=1

∏
j ̸=i

f(yj; θ)
∂f(yi; θ)

∂θ

=
1∏

j f(yj; θ)

∂
∏

i f(yi; θ)

∂θ
,

so that we can write

∂
∏

i f(yi; θ)

∂θ
=

(
n∑

i=1

∂ log f(yi; θ)

∂θ

) (∏
j

f(yj; θ)

)
.

The derivative of the zero-bias condition then can be written as

Eθ

(
(θ̂ − θ)

(
n∑

i=1

∂ log f(yi; θ)

∂θ

))
= 1.

Because

Eθ

(
n∑

i=1

∂ log f(yi; θ)

∂θ

)
=

n∑
i=1

Eθ

(
∂ log f(yi; θ)

∂θ

)
= 0

the left-hand side term is equal to the covariance between the estimator θ̂

and the sum of the scores
∑n

i=1 ∂ log f(yi; θ)/∂θ, and so we have that

covθ

(
θ̂,

n∑
i=1

∂f(yi; θ)

∂θ

)
= 1.
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By the Cauchy-Shwarz inequality,

covθ

(
θ̂,

n∑
i=1

∂f(yi; θ)

∂θ

)2

≤ varθ(θ̂)× varθ

(
n∑

i=1

∂f(yi; θ)

∂θ

)
= varθ(θ̂)× (n I)

Hence, we must have that
I−1

n
≤ varθ(θ̂).

This lower bound on the variance of any unbiased estimator is called the

Cramer-Rao bound. Any estimator that attains it must thus satisfy the

Cauchy-Shwarz inequality above with a strict equality. It must thus be that

θ̂− θ is a linear transformation of the
∑n

i=1 ∂ log f(Yi|Xi; θ0)/∂θ; that is, for

constants A and B

θ̂ − θ = A+B
n∑

i=1

∂ log f(yi; θ)

∂θ
.

By unbiasedness of the estimator and the zero-mean property of the score

we must have that A = 0. Because the variance of the right-hand side must

equal I−1/n and the variance of the right-hand side is nB2I we must further

have that B = I−1/n. Therefore, for an estimator to satisfy the bound for a

given n it must be

θ̂ − θ =
1

n

n∑
i=1

I−1∂ log f(yi; θ)

∂θ
.

In many cases such an estimator does not exist. However, the maximum

likelihood estimator satisfies

θ̂ − θ =
1

n

n∑
i=1

I−1∂ log f(yi; θ)

∂θ
+ op(n

−1/2),
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quite generally, and so attains the Cramer-Rao bound asymptotically. Here,

the term op(n
−1/2) indicates a random variable that converges to zero in

probability at a rate faster than n−1/2

You can verify that the maximum-likelihood estimator attains the bound

for fixed n in the examples from Sections 1.1 and 1.2. It also achieves the

bound for fixed n for the regression slopes in Section 1.4, but not for the

variance, nor for the coefficients in the probit or Tobit model. In all cases,

though, it does achieve the bound in large samples.
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